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Abstract
In this paper, we prove the existence of an open interval ]λ
′
,λ
′′
[ for each λ of which a
class of two-point boundary value equations depending on λ admits inﬁnitely many weak
solutions. The approach is based on variational methods.
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1 Introduction
Conditions that guarantee the existence of multiple solutions to diﬀerential equations
are of interest because physical processes described by diﬀerential equations can exhibit
more than one solution. For example, certain chemical reactions in tubular reactors can
be mathematically described by a nonlinear two-point boundary value problem with the
interest in seeing if multiple steady-states to the problem exist. For a treatment of chem-
ical reactor theory and multiple solutions see [3, Section 7] and references therein. The
existence and multiplicity of solutions for two-point boundary value problems have been
widely investigated (see, for instance, [2, 4, 12, 13, 14]).
Very recently in [8], presenting a version of the inﬁnitely many critical points theorem of
Ricceri (see [15, Theorem 2.5]), the existence of an unbounded sequence of weak solutions
for a Sturm-Liouville problem, having discontinuous nonlinearities, has been established.
In a such approach, an appropriate oscillating behavior of the nonlinear term either at
inﬁnity or at zero is required. This type of methodology has been used then in several
works in order to obtain existence results for diﬀerent kinds of problems (see, for instance,
[1, 5, 6, 7, 9, 10, 11] and references therein).
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1The purpose of this paper is to establish the existence of inﬁnitely many weak solutions
for the following two-point boundary value system
{
−u′′
i + ui = λFui(x,u1,...,um) in ]0,1[
ui(0) = ui(1) = 0
(1.1)
for 1 ≤ i ≤ m, where λ is a positive parameter, F : [0,1] × Rm → R is a function such
that F(·,t1,...,tm) is continuous in [0,1] for all (t1,...,tm) ∈ Rm and F(x,·,...,·) is a
C1-function in Rm for every x ∈ [0,1] satisfying F(x,0,...,0) = 0 for every x ∈ [0,1] and
Fui denotes the partial derivative of F with respect to ui.
Throughout this paper, we let X = (W
1,2
0 ([0,1]))m equipped with the norm
∥(u1,...,um)∥ :=
m ∑
i=1
∥ui∥∗,
where
∥ui∥∗ :=
(∫ 1
0
(
|u′
i(x)|2 + |ui(x)|2)
dx
)1/2
for 1 ≤ i ≤ m, which is equivalent to the usual one.
We mean by a weak solution of the system (1.1), any u = (u1,...,um) ∈ X such that
∫ 1
0
m ∑
i=1
u′
i(x)v′
i(x)dx +
∫ 1
0
m ∑
i=1
ui(x)vi(x)dx − λ
∫ 1
0
m ∑
i=1
Fui(x,u1(x),...,um(x))vi(x)dx = 0
for all v = (v1,...,vm) ∈ X.
Put
A := liminf
y→+∞
∫ 1
0 max(t1,...,tm)∈K(y) F(x,t1,...,tm)dx
y2 , (1.2)
where
K(y) :=
{
(t1,...,tm) ∈ Rm :
m ∑
i=1
|ti| ≤ y
}
for every y ∈ R+, and
B := limsup
(t1,...,tm)→(+∞,...,+∞)
(t1,...,tm)∈Rm
+
∫ 3/4
1/4 F(x,t1,...,tm)dx
∑m
i=1 |ti|2 , (1.3)
where Rm
+ = {(t1,...,tm) ∈ Rm : ti ≥ 0 for all 1 ≤ i ≤ m}.
In the present paper our approach is based on variational methods. More precisely,
under some hypotheses on the behavior of the potential of the nonlinear term at inﬁnity,
the existence of an open interval ]λ
′
,λ
′′
[ such that, for each λ ∈]λ
′
,λ
′′
[, the system (1.1)
admits a sequence of pairwise distinct weak solutions which is unbounded in X is proved.
22 Main results
Our main tool is a critical points theorem due to Bonanno and Molica Bisci [8] that we
recall here for reader’s convenience.
Theorem 2.1 (Theorem 2.1 of [8]). Let X be a reﬂexive real Banach space, and let
Φ,Ψ : X → R be two Gˆ ateaux diﬀerentiable functionals such that Φ is strongly continuous,
sequentially weakly lower semicontinuous and coercive and Ψ is sequentially weakly upper
semicontinuous. For every r > infX Φ, let us put
φ(r) := inf
u∈−1(]−∞,r[)
(
supv∈−1(]−∞,r[) Ψ(v)
)
− Ψ(u)
r − Φ(u)
and
γ := liminf
r→+∞
φ(r).
Then, if γ < +∞, for each λ ∈
]
0, 1
γ
[
, the following alternative holds: either
(a1) Iλ := Φ − λΨ possesses a global minimum, or
(a2) There is a sequence {un} of critical points (local minima) of Iλ such that
limn→+∞ Φ(un) = +∞.
We state our main result as follows.
Theorem 2.2. Assume that
(i) F is non-negative in [0,1] × Rm
+ ;
(ii) A < 3
52mB, where A and B are given by (1.2) and (1.3).
Then for each λ ∈
] 13
3B, 1
4mA
[
, the system (1.1) admits a sequence of weak solutions which
is unbounded in X.
Proof. For each u = (u1,...,un) ∈ X, put
Φ(u) :=
m ∑
i=1
∥ui∥2
∗
2
and
Ψ(u) :=
∫ 1
0
F(x,u1(x),...,um(x))dx.
Standard arguments ensure that the functionals Φ,Ψ : X → R are Gˆ ateaux diﬀerentiable
such that Φ is strongly continuous, sequentially weakly lower semicontinuous and coercive
and Ψ is sequentially weakly upper semicontinuous, and
Φ′(u)(v) =
∫ 1
0
m ∑
i=1
u′
i(x)v′
i(x)dx +
∫ 1
0
m ∑
i=1
ui(x)vi(x)dx
and
Ψ′(u)(v) =
∫ 1
0
m ∑
i=1
Fui(x,u1(x),...,um(x))vi(x)dx
3for every u = (u1,...,um),v = (v1,...,vm) ∈ X. Also, the critical points of Iλ := Φ − λΨ
are precisely the weak solutions to the system (1.1).
Now we verify that γ < +∞. Let {cn} be a real sequence such that limn→+∞ cn = +∞
and
lim
n→+∞
∫ 1
0 max(t1,...,tm)∈K(cn) F(x,t1,...,tm)dx
c2
n
= A.
Note that for each ui ∈ W
1,2
0 ([0,1])
sup
x∈[0,1]
|ui(x)| ≤
√
2∥ui∥∗
for 1 ≤ i ≤ m. Thus we have
sup
x∈[0,1]
m ∑
i=1
|ui(x)|2
2
≤ 2
m ∑
i=1
∥ui∥2
∗
2
for each u = (u1,...,um) ∈ X. Put rn :=
c2
n
4m for all n ∈ N. Hence, an easy computation
ensures that
∑m
i=1 |ui(x)| ≤ cn whenever u = (u1,...,um) ∈ Φ−1(] − ∞,rn[).
Taking into account that for 1 ≤ i ≤ m, ∥u0
i∥∗ = 0 and
∫ 1
0 F(x,0,...,0)dx = 0, where
u0
i(x) = 0 for all x ∈ [0,1], for every n large enough, we have
φ(rn)
= inf
∑m
i=1
∥ui∥2
∗
2 <rn
sup∑m
i=1
∥vi∥2
∗
2 <rn
∫ 1
0 F(x,v1(x),...,vm(x))dx −
∫ 1
0 F(x,u1(x),...,um(x))dx
rn −
(∑m
i=1
∥ui∥2
∗
2
)
≤
sup∑m
i=1
∥vi∥2
∗
2 <rn
∫ 1
0 F(x,v1(x),...,vm(x))dx
rn
≤
4m
∫ 1
0 max(t1,...,tm)∈K(cn) F(x,t1,...,tm)dx
c2
n
.
Therefore, since from assumption (ii) one has A < +∞, we obtain
γ ≤ liminf
n→+∞
φ(rn) ≤ 4mA < +∞.
Now ﬁx λ ∈
] 13
3B, 1
4mA
[
. We claim that the functional Iλ is unbounded from below. Let
{ξi,n} be m positive real sequences such that limn→+∞
(∑m
i=1 ξ2
i,n
)
= +∞, and
lim
n→+∞
∫ 1
0 F(x,ξ1,n,...,ξm,n)dx
∑m
i=1 ξ2
i,n
= B. (2.4)
For each n ∈ N, deﬁne
wi,n(x) :=

    
    
4ξi,nx if x ∈
[
0, 1
4
[
,
ξi,n if x ∈
[1
4, 3
4
]
,
4ξi,n(1 − x) if x ∈
]3
4,1
]
,
4and put wn := (w1,n,...,wm,n). It is easy to see that wn ∈ X for all n ∈ N and, in
particular, one has
∥wi,n∥2
∗ =
∫ 1
0
(
|w′
i,n(x)|2 + |wi,n(x)|2)
dx =
26
3
ξ2
i,n.
At this point, bearing in mind (i), we infer that
∫ 1
0
F(x,w1,n(x),...,wm,n(x))dx ≥
∫ 3/4
1/4
F(x,ξ1,n,...,ξm,n)dx
for all n ∈ N. Then
Φ(wn) − λΨ(wn) ≤
13
3
( m ∑
i=1
ξ2
i,n
)
− λ
∫ 3/4
1/4
F(x,ξ1,n,...,ξm,n)dx
for every n ∈ N.
If B < +∞, let ϵ ∈
] 13
3λB,1
[
. By (2.4) there exists Nϵ such that
∫ 3/4
1/4
F(x,ξ1,n,...,ξm,n)dx > ϵB
( m ∑
i=1
ξ2
i,n
)
for all n > Nϵ. Moreover,
Φ(wn) − λΨ(wn) <
13
3
( m ∑
i=1
ξ2
i,n
)
− λϵB
( m ∑
i=1
ξ2
i,n
)
=
(13
3
− λϵB
)( m ∑
i=1
ξ2
i,n
)
for all n > Nϵ. Taking into account the choice of ϵ, we have
lim
n→+∞
[
Φ(wn) − λΨ(wn)
]
= −∞.
If B = +∞, let us consider M > 13
3λ. By (2.4) there exists NM such that
∫ 3/4
1/4
F(x,ξ1,n,...,ξm,n)dx > M
( m ∑
i=1
ξi,n
2
)
for all n > NM. Moreover,
Φ(wn) − λΨ(wn) <
13
3
( m ∑
i=1
ξ2
i,n
)
− λM
( m ∑
i=1
ξ2
i,n
)
=
(13
3
− λM
)( m ∑
i=1
ξ2
i,n
)
for all n > NM. Taking into account the choice of M, in this case we also have
lim
n→+∞
[
Φ(wn) − λΨ(wn)
]
= −∞.
Due to Theorem 2.1, for each λ ∈
] 13
3B, 1
4mA
[
, the functional Iλ admits an unbounded
sequence of critical points, and the conclusion is proven.
5It is of interest to list some special cases of Theorem 2.2.
Corollary 2.1. Let F : Rm → R be a C1-function and assume that
(i
′
) F is non-negative in Rm
+ ;
(ii
′
) C < 3
104mD, where
C := liminf
y→+∞
max(t1,...,tm)∈K(y) F(t1,...,tm)
y2
and
D := limsup
(t1,...,tm)→(+∞,...,+∞)
(t1,...,tm)∈Rm
+
F(t1,...,tm)
∑m
i=1 |ti|2 .
Then for each λ ∈
] 26
3D, 1
4mC
[
, the system
{
−u′′
i + ui = λFui(u1,...,um) in ]0,1[
ui(0) = ui(1) = 0
(2.5)
for 1 ≤ i ≤ m, admits a sequence of weak solutions which is unbounded in X.
Corollary 2.2. Let f : R → R be a continuous function. Put F(t) =
∫ t
0 f(ξ)dξ for each
t ∈ R and assume that
(i
′′
) F is non-negative in R+ ;
(ii
′′
) E < 3
104F, where
E := liminf
y→+∞
max|t|≤y F(t)
y2
and
F := limsup
t→+∞
t∈R+
F(t)
|t|2 .
Then for each λ ∈
] 26
3F , 1
4E
[
, the problem
{
−u′′ + u = λf(u) in ]0,1[
u(0) = u(1) = 0
(2.6)
admits a sequence of classical solutions which is unbounded in C2([0,1]).
Finally, we conclude this paper by giving an example to illustrate Corollary 2.2.
Example 2.1. Set
an :=
2n!(n + 2)! − 1
4(n + 1)!
, bn :=
2n!(n + 2)! + 1
4(n + 1)!
for every n ∈ N.
Let {gn} be a sequence of non-negative functions such that
(a) gn ∈ C0([an,bn]) such that gn(an) = gn(bn) = 0 for every n ∈ N;
6(b)
∫ bn
an gn(t)dt ̸= 0 for every n ∈ N.
Deﬁne the function f : R → R as follows:
f(ξ) :=



[
(n + 1)!
2 − n!2] gn(ξ)
∫ bn
an gn(t)dt if ξ ∈
+∞ ∪
n=1
[an,bn],
0 otherwise.
(2.7)
We have ∫ (n+1)!
n!
f(t)dt =
∫ bn
an
f(t)dt = (n + 1)!
2 − n!2
and
F(an) = n!2 − 1, F(bn) = (n + 1)!
2 − 1
for every n ∈ N. Hence,
lim
n→+∞
F(bn)
b2
n
= 4, lim
n→+∞
F(an)
a2
n
= 0.
Therefore, we can prove that
liminf
ξ→+∞
F(ξ)
ξ2 = 0 and limsup
ξ→+∞
F(ξ)
ξ2 = 4.
Then,
E = 0 <
3
26
=
3
104
F.
By Corollary 2.2, for each λ > 13
6 , the problem (2.6) with f deﬁned by (2.7) admits a
sequence of classical solutions which is unbounded in C2([0,1]).
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